We propose fully discrete, implicit-in-time finite volume schemes for general nonlinear nonlocal Fokker-Planck type equations with a gradient flow structure, usually referred to as aggregationdiffusion equations, in any dimension. The schemes enjoy the positivity-preserving and energydecaying properties, essential for their practical use. The first order in time and space scheme unconditionally verifies these properties for general nonlinear diffusion and interaction potentials while the second order scheme does so provided a CFL condition holds. Dimensional splitting allows for the construction of these schemes with the same properties and a reduced computational cost in higher dimensions. Numerical experiments validate the schemes and show their ability to handle complicated phenomena in aggregation-diffusion equations such as free boundaries, metastability, merging and phase transitions.
Introduction
In this work we consider the following family of nonlinear nonlocal aggregation-diffusion equations
ρ(x, 0) = ρ 0 (x), (1.1) where ρ = ρ(x, t) ≥ 0 is the unknown particle density, H(ρ) is the density of internal energy, V (x) is the confinement potential, and W (x) is the so-called interaction potential, see [33, 59 ] for instance. By definition H is a convex function in order for the first term ∇ · (ρH (ρ)∇ρ) to be a (possibly degenerate) nonlinear density dependent diffusion. The drift terms ∇ · [ρ∇(V + W * ρ)] correspond to forces acting on the particles given by external sources V (x) and attractive-repulsive forces between particles with potential W (x). These equations can be derived as mean-field limits of particle systems or as an upscaling of cellular automata with applications in granular materials [7, 6] , cell migration and chemotaxis [14, 18, 47, 23] , collective motion of animals (swarming) [55, 46, 28] , opinion formation [48, 41] , self-assembly of nanoparticles [44] , and mathematical finance [40] among others. In the particular case of linear diffusion, these models correspond to macroscopic limits of interacting particle systems in terms of Fokker-Planck type equations, see for instance [54, 11] and the references therein. They lead to interesting evolutionary phenomena such as noise induced phase transitions and metastability behavior [4, 42, 5] , present too in nonlinear diffusion type models [16, 20, 23] . Typical interaction potentials W (x) appearing in the applications are radial and can be fully attractive such as the Newtonian or Bessel potentials in chemotaxis [23] or power-laws in granular materials [33] ; repulsive in the short range and attractive in the long range such as combinations of power-law potentials or Morse-type potentials in swarming [55, 32] ; or compactly supported potentials in many biological applications such as networks and cell sorting [5, 21] .
The equation (1.1) possesses interesting properties. First, its solution should always be a nonnegative density. Second, it has a variational structure: it is a gradient flow of the free energy functional as discovered in [33] . More precisely, defining the free energy functional
then its formal variation for zero mass perturbations is given by ξ := δE δρ = H (ρ) + V + W * ρ, and then the evolution of the free energy along a solution of (1.1) is given by
This dissipation property has another interpretation; namely the solution to (1.1) is the gradient flow or the curve of steepest descent for the free energy functional E in the sense of the euclidean transport distance between probability measures as discussed in [2, 33, 23] and the references therein. It is important to notice that this dissipation property entails a full characterisation of the set of stationary states: they are given by nonnegative densities such that ξ is constant (possibly different) in each connected component of their support. Therefore, the free energy is a Liapunov functional for (1.1) and useful to discuss the stability of the equilibria in many particular cases, see [33, 30] . Let us point out that these properties persist when solving this equation in a bounded domain Ω with no-flux boundary conditions, provided the convolution is understood by extending the density by zero outside Ω and ∇ξ · η(x) = 0 is satisfied for all x ∈ ∂Ω, where η(x) is the outwards unit normal vector to the boundary of Ω. These nonlinear Fokker-Planck equations have been the center of much attention by the numerical analysis and simulation community in the last years. In fact, a central question has been to design numerical schemes capable of preserving the structural properties of the gradient flow equation (1.1) such as nonnegativity, the dissipation property (1.2), and a corresponding discrete set of stationary states approximating accurately the long time asymptotics of these equations. First and second order accurate finite volumes schemes which treat (1.1) as a nonlinear continuity equation with a vector field given by −∇ξ were proposed in [8, 20] for nonlinear diffusions and aggregation-diffusion equations respectively. They enjoy the semidiscrete (in space) entropy dissipation property and positivity preserving for the explicit-in-time discretisation under a CFL time step restriction. A generalisation of these ideas for high order approximations using a discontinuous Galerkin approach have been proposed in [53] with a suitable high order quadrature rule using Gauss-Lobato formulas.
In the case of linear diffusions, schemes enjoying the semidiscrete free energy dissipation were known in granular media Fokker-Planck equations [12, 13] based on the Chang-cooper discretisation approach [36] . Such schemes have been generalised and improved for equations of the form (1.1) in [50] leading to second order accurate finite difference schemes with a semidiscrete entropy dissipation property again. Linear Fokker-Planck equations have plenty of other entropies, and spectral schemes were used in [43] to have a decay of the weighted L 2 entropies. Finally, implicit-in-time semidiscretisations were proposed in [3, 29] having the discrete-in-time free energy decay for nonlinear Fokker-Planck equations of the form (1.1) with W = 0. These schemes are reminiscent to convex splitting ideas in the variational L In a recent work [1] the authors have proposed several fully discrete implicit-in-time discretisations for the Keller-Segel model in one dimension with linear diffusion and nonlinear chemosensitivity allowing for the energy decaying property. Among them, they presented an implicit-in-time fully discrete scheme based on the gradient flow ideas in [16, 20, 53] . In the present work we generalise these ideas proposing fully discrete (both in space and in time) implicit finite volume schemes for equation (1.1) that are both positivity-preserving and energy-decaying; these properties are met unconditionally by a scheme with first order accuracy in time and space, and met under a parabolic CFL condition by a second order in space scheme. Both schemes work for general nonlinear diffusions and general interaction potentials W through a careful combination of the implicit-in-time discretisations as hinted in [1] . Special care has to be taken in using the implicit schemes as the Jacobian matrix can be ill-conditioned in the presence of vacuum due to the nonlinear diffusion terms. A detailed study of the positivity for these schemes is done via M-matrices arguments.
Our next contribution is to propose for the first time a combination of these gradient flow schemes with dimensional splitting technique allowing for fully discrete implicit finite volume schemes for equation (1.1) that are both positivity-preserving and energy-decaying in higher dimensions with a reasonable computational cost. Let us remark that a direct generalisation of the one dimensional scheme presented here and in [1] to higher dimension is possible but comes at a very high dimensional cost resulting from the inversion of large Jacobian matrices. Our scheme takes advantage of the dimensional splitting to drastically reduce this cost without sacrificing the main properties. Section 2 will discuss the time discretisation for (1.1) in a way that preserves the energy dissipation for general nonlinearities and interaction potentials. Section 3 is devoted to the fully discrete scheme in the one dimensional setting while Section 4 shows the formulation properties for the splitting scheme in two dimensions. Section 5 is aimed at validating the numerical scheme on explicit solutions for both nonlinear diffusions and aggregations. Finally, Section 6 presents numerical experiments that showcase the effectiveness of the new scheme in dealing with complicated phenomena such as metastability and phase transitions, both in one and two dimensions, with linear and nonlinear diffusions.
Time Discretisation
The choice of time discretisation is critical when trying to construct a fully discrete energy-decaying scheme. In this section we consider two discretisations which will lead to two fully discrete schemes, discussed in the next setion.
To begin, we define the semi-discrete energy at time t n as follows:
For the sake of generality, consider the following first order scheme:
where ρ * and ρ * * can be either ρ n or ρ n+1 and will be specified later. We aim to show that the scheme (2.1) verifies E(ρ n+1 ) ≤ E(ρ n ), provided ρ n ≥ 0 at any time step t n . To this end, let us first multiply both sides of (2.1) by H (ρ n+1 ) + V + W * ρ * * and integrate to obtain
where the integration by parts was applied on the right hand side. From (2.2), we have
where we used (2.3) in the second equality, and
Our goal is to show that
which follows from the convexity of H; hence I ≤ 0 as already pointed out in [3, 29] . In part II there are several possible choices for ρ * * :
• If ρ * * = ρ n , we have
since W is symmetric. We consider two kinds of interaction potentials W :
where we used the fact that
• If ρ * * = ρ n+1 , we have
which is just the opposite of the previous case. Thus we conclude that for
, we have
Therefore II is precisely zero regardless of the choice of W .
Finally, III ≤ 0 is clear following from the positivity of either ρ * = ρ n or ρ n+1 . Let us remark that the above computations remain unchaged when considered over a bounded domain Ω with no-flux boundary conditions. It is a simple exercise to check that the boundary terms left by the integration by parts vanish.
Henceforth an interaction W satisfying II(ρ n ) = −II(ρ n+1 ) ≤ 0 (resp. II(ρ n ) = −II(ρ n+1 ) ≥ 0) will be referred as a negative (resp. positive) interaction potential. We have just shown above that attractive (resp. repulsive) quadratic potentials and certain catastrophic (resp. H-stable) potentials, according to the classical statistical mechanics notation in [51] , are negative (resp. positive). These potentials are very relevant in applications, both for the existence of steady states and of phase transitions with and without the linear or nonlinear diffusion terms; see [17, 24, 25, 37, 5, 30] and the references therein.
To summarise, a good choice of ρ * * given W always exists, and we have obtained two time discretisation methods which satisfy an energy dissipation property:
is energy decaying, i.e., E(ρ n+1 ) ≤ E(ρ n ), if one of the following conditions holds: i) ρ
; ii) ρ * * = ρ n and W is a negative interaction potential; iii) ρ * * = ρ n+1 and W is a positive interaction potential.
The implicit time discretisation
; ii) ρ * * = ρ n and W is a negative interaction potential; iii) ρ * * = ρ n+1 and W is a positive interaction potentials.
It is an interesting open problem to show that the schemes (2.4) and (2.5) are well posed in the set of nonnegative densities for small enough ∆t under reasonable assumptions on the potentials.
Fully Discrete Schemes in 1D
In this section we present fully discrete schemes in 1D by coupling the previously introduced time discretisation with the finite volume method in space. We introduce two schemes corresponding to the two time discretisations in (2.4) and (2.5). To begin we consider a large computational domain [−L, L] and divide it into 2M uniform cells with size ∆x = L/M , denoting the i-th cell (i = 1, . . . , 2M ) by 
Scheme 1 (S1)
This scheme is based on the implicit time discretisation (2.4). The spatial discretisation follows the fully explicit finite volume method in [20] , where only semi-discrete (continuous in time) energy decay was shown. By modifying certain terms into implicit form we obtain a fully discrete energy-decaying scheme with second order accuracy in space.
Assume ρ i is the cell average on I i ; the scheme thus reads
As suggested previously ρ * * could be ρ n , ρ n+1 , or
and we choose θ = 2.
Remark 3.1. One might be interested in potentials W with an integrable singularity at the origin, as is the case in [20] . In that situation the definition of W i−j is modified to an integral form
along the corresponding cell. ≥ 0 for all i, provided the following sufficient CFL condition is satisfied:
Proof. From the definition of the scheme in (3.1), we have
hence
By the construction, if ρ
is a sum of nonnegative values, hence ρ
Remark 3.2. For the first order scheme, ρ
i.e.,
Hence a sufficient CFL condition to guarantee positivity can be ∆t ≤ ∆x
is normally required for both first and second order schemes to be positivity-preserving.
Energy Decay
We define the fully discrete free energy at time t n as follows:
We would like to show E ∆ (ρ n ) decays at each time step. For that it is useful to introduce a classification for interaction potentials, following the discussion in Section 2:
and zero outside of it at any time step n. A potential W such that
We can identify the following potentials as being negative (resp. positive):
2 ) and a potential such that
is the discrete Fourier transform of the sequence W i = W (x i ) defined on [−2L, 2L], are negative (resp. positive).
where we used the fact that the scheme (3.1) is conservative,
, under the no-flux boundary condition.
If
where the first equality extends summation to the interval [−2L, 2L] since ρ
, and the second equality uses the discrete circular convolution theorem and assumes that the sequence W i defined on [−2L, 2L] is periodically extended to the whole space R.
We can now state the following: Theorem 3.2. Under the CFL condition (3.4), the scheme (3.1) satisfies an energy-decay property, i.e.,
(ii) ρ * * = ρ n and the potential W is negative; (iii) ρ * * = ρ n+1 and the potential W is positive.
Proof. From the scheme (3.1) it follows
Using the definition of (3.6) and the identity above, we deduce
where
Then II ≤ 0 if W is negative.
• If ρ * * = ρ n+1 ,
Then II ≤ 0 if W is positive.
•
Therefore, for the above choices of ρ * * and corresponding W , we find
where the first equality employs summation by parts as well as the no-flux boundary condition, and the last inequality relies on the positivity of ρ i .
Scheme 2 (S2)
This scheme is based on the time discretisation (2.5). The spatial discretisation is the same as the first order version of S1. By modifying certain terms into implicit form, we can obtain a fully discrete unconditionally positive and energy-decaying scheme. This scheme is related to the scheme introduced in [1] for the Keller-Segel model with nonlinear chemosensitivity and linear diffusion. Assume ρ i is the cell average on I i ; the scheme thus reads
Again ρ * * may be chosen as ρ n , ρ n+1 , or
and V i and (W * ρ * * ) i are defined as above.
Positivity
Theorem 3.3. The scheme (3.7) is unconditionally positive, i.e., if ρ
Proof. From the definition of the scheme in (3.7) we find
which may be written as
We would like to show the matrix A is inverse positive, meaning that every entry of A −1 is nonnegative. We recall a sufficient condition: a matrix M is inverse positive if m ij ≤ 0 for i = j, m ii > 0, and strictly diagonally dominant (m ii > i =j |m ij |). The matrix A defined above does not satisfy the condition, however A T always does. Hence every entry of (A T
, if one of the following condition holds:
Proof. The same proof in the previous section carries over here except the last part:
where the positivity of ρ i is used in the last inequality.
Fully Discrete Schemes in 2D Using Dimension Splitting
The previously presented two schemes can be directly extended to any number of dimensions. Here, instead, we propose dimensionally split versions of the 1D schemes and show that the positivity preserving and energy decaying properties are carried over. The advantage of the dimensional splitting is a huge reduction of the computational cost. Indeed the 1D schemes presented above are implicit, nonlinear, and require the Newton-Raphson method (see Section 5 for further details). It is well known that the cost of inverting a general N ×N matrix is O N 3 via Gauss-Jordan elimination. If the full d-dimensional schemes were implemented, the Jacobian matrix inverted at each Newton step would be an
On the other hand, the dimensional splitting in d dimensions involves performing the inversion of an N × N Jacobian N d−1 times, which reduces the cost to O N d+2 . Note that the dimensional splitting does not reduce the overall cost of the convolutions.
We proceed to describe 2D versions of the schemes in the splitting framwork; the extension to 3D can be done in a similar fashion. For simplicity, assume a square domain [−L, L] 2 and partition both x and y uniformly using 2M cells per axis. Then ∆x = ∆y = L/M and the ij-th cell is denoted by 
Scheme 1 (S1)
Assume ρ i,j is the cell average on cell I i,j ; the scheme thus reads
Once again the choice of ρ * * may be ρ n , ρ * , or
. Remark 3.1 similarly applies for singular potentials in 2D.
Step 2 -Evolution in y:
Here ρ * * * may be ρ * , ρ n+1 , or
. Other quantities such as (W * ρ * * * ) i,j are defined analogously.
Positivity
Theorem 4.1. The scheme (4.1)-(4.2) is positivity preserving provided the following CFL condition is satisfied:
Proof. From the first step (4.1) of the scheme follows that
Since ρ * i,j are linear combinations of the nonnegative reconstructed point values ρ
is satisfied. The second step (4.2) follows analogously:
Once more ρ is satisfied. The combination of (4.4) and(4.5) yields condition (4.3) in the theorem.
Energy Decay
We aim to show E ∆ (ρ n ) decays at each time step. Again we introduce the a classification for the interaction potentials:
is called a negative (resp. positive) interaction potential.
A result similar to Proposition 3.1 can be obtained in 2D to provide the same examples of negative and positive interaction potentials; this we leave to the reader. Theorem 4.2. Under the CFL contion (4.3), the scheme (4.1)-(4.2) satisfies an energy-decay property, i.e., E ∆ (ρ n+1 ) ≤ E ∆ (ρ n ) with the definition from (4.6), if one of the following condition holds: (i)
Proof. From step 1 (4.1) follows that
k,l ∆x∆y; as in the previous computations in Section 3, we deduce
The terms involving W are either ≤ 0 or ≡ 0 depending on the choice of ρ * * as in the 1D setting. From step 2 (4.2) we deduce
k,l ∆x∆y, and similarly
Yet again the terms involving W are either ≤ 0 or ≡ 0 depending on the choice of ρ * * * , consistently with the first step. Combining the estimates we finally conclude
where we employ the summation by parts, the no-flux boundary condition, and the positivity of ρ i,j .
Scheme 2 (S2)
Assume ρ i,j is the cell average on cell I i,j ; the scheme reads
Where ρ * * may be ρ n , ρ * , or
Where ρ * * * can be ρ * , ρ n+1 , or Proof. From the first step (4.7) of the scheme follows that
Positivity
where A = (a ij ) is an M-matrix as in the 1D case. Thereforeρ * i ≥ 0 ifρ n i ≥ 0 for all i. Similarly, in the second step (4.8):
which can be written as
where A = (a ij ) is again an M-matrix. Thereforeρ ; (ii) ρ * * = ρ n and the potential W is negative; (iii) ρ * * = ρ n+1 and the potential W is positive.
Proof. The proof of the result in the previous section carries over except for the last part:
Implementation, Validation and Accuracy of the Schemes
The following section is concerned with the implementation of the numerical schemes as well as their validation against equations whose analytic solution is known. First we validate the order of the schemes by solving the Heat and Porous Medium Equations and studying the error against known analytical solutions. Later on we validate the order of convergence to a stationary state on Nonlinear and Nonlocal analogues of the Fokker-Planck equation by comparing them against known convergence rates. We recall the essential properties of the schemes:
Order in space Second First
Positivity-preserving
Full-discrete energy decay
Implementation -A Note on Vacuum Solutions
The numerical schemes were implemented using the Julia language [9] . The implicit-in-time formulation of S1 and S2 requires the approximation of the solution ρ n+1 to (3.1) and (3.7), for which we employ the Newton-Raphson method. Throughout Sections 5 and 6 we make the choice ρ * * = ρ n +ρ n+1 2 , which guarantees the decay of the discrete energy regardless of the choice of W .
Due to the nature of the schemes, special care should be taken when dealing with problems where vacuum is present. While the schemes perform satisfactorily in cases where segments of the solution take arbitrarily small values (the Heat Equation in Section 5.2, for instance), they sometimes fail with solutions involving zero segments. Examples of this are problems with compactly supported initial data such as the Barenblatt solution for the Porous Medium Equation.
An explicit calculation of the Jacobian matrix of the schemes employed by the Newton solver reveals that certain terms can become ill-posed when ρ i = 0 in some cells. In particular, terms involving the partial derivative of u n+1 i+1/2 with respect to ρ n+1 j result in the second derivative of the internal energy density, H (ρ), which can be singular. For instance, this is proportional to ρ m−2 for the Heat Equation or the Porous Medium Equation; under S1 the range 1 ≤ m < 2 is problematic, whereas S2 handles all cases except m = 1. The issue can be easily circumvented by modifying the energy term to include an offset, H (ρ) whereρ = max (ρ, ); we use = 10 −300 in the aforementioned cases.
Heat Equation
The first validation case is the Heat Equation ρ t = D∆ρ, i.e.
for D > 0. The analytic solution ρ * (x, T ) correspoding to a point source is given by the Heat Kernel
We will solve (5.1) numerically for D = 1 with intial data ρ 0 (x) = Φ (x, 0.1) through an interval of time of unit length for various choices of ∆x. We will compute the L 1 error of the numerical solution ρ ∆x at the final time
The error will then be used to estimate the order of convergence of the scheme o(∆x) = log 2 (ε(2∆x)/ε(∆x)).
The choice of ∆t is ∆t = ∆x for the S2 validation, but ∆t is ∆t = ∆x 2 for the S1 validation in order to show second order convergence in space. The results for the S1 scheme can be found on tables 1 and 2 for 1D and 2D respectively. The results for S2 follow on tables 3 and 4. Good approximation to orders 2 and 1 can be seen for S1 and S2 respectively. Table 4 : Error table for the solution to the Heat Equation (5.1) with the S2 2D scheme.
Porous Medium Equation
To validate a nonlinear diffusion setting we will next consider the Porous Medium Equation
for D > 0, m > 1. The Barenblatt solution ρ * (x, T ) correspoding to a point source is given by 
As before, we will solve (5.3) numerically for D = 1 with initial data ρ 0 (x) = Ψ (x, 0.1) and estimate the order of the scheme. Tables 5 through 16 correspond to the cases m = 3/2, m = 2 and m = 3 for both schemes in 1D and 2D. The approximation to the correct orders is fine for m = 3/2 but worsens for increasing values of m when compared to section 5.2. This is well known in the numerical literature for nonlinear diffusion, as the Barenblatt solution and compactly supported solutions in general lose regularity with increasing exponents, see for instance [20] . 
Linear, Nonlinear and Nonlocal Fokker-Planck Equations
In order to validate the order of convergence to a stationary solution we now consider the Linear FokkerPlanck Equation 1D.
(c) Stationary state ρ∞(x).
2D. The confining potential of (5.6) can be replaced by an equal interaction potential, allowing for the validation of the interaction component of the schemes. The new equation involves a nonlocal term but will have the same solution as the Linear Fokker-Planck Equation for all initial data which is symmetric about the origin, see Figure 1 . This Nonlocal Fokker-Planck Equation
for D > 0 ought to display the same steady state (5.7) and the same order of convergence to equilibrium as the local case. In the analytic setting, with centered initial data, the
is expected to decay exponentially with order O (−2t). Furthermore, the energy difference E (ρ) − E (ρ ∞ ) should decay with O (−4t) [56] . We studied the convergence in time of Gaussian initial data in both problems to the numerical steady state, verifying the agreement between the Linear and the Nonlocal settings. Convergence to the known decay rates upon refinement of the mesh was verified as well -see Figure 2 for the 2D case.
To further the discussion we consider a nonlinear diffusion case as well. Replacing the linear term on (5.6) by the Porous Medium setting yields a Nonlinear Fokker-Planck Equation
for D > 0, m > 1. Again, regardless of initial data this equation exhibits a globally stable steady state, see Figure 3 . The regularity of the steady solution is once again controlled by the exponent m, and so is the rate of convergence to the stationary profile. In 1D, for symmetric initial data, the L 1 difference ρ(t, x) − ρ ∞ (x) L1 and the energy difference E (ρ)−E (ρ ∞ ) decay with O (−(m + 1)t) and O (−2(m + 1)t) respectively [26] . Similar verifications were performed -see Figure 4 for the m = 3. 
Numerical Experiments
This concluding section presents a selection of experiments which aim to showcase some interesting problems that can be solved with the S2 scheme. First we consider steady state problems with a variety of confining potentials. Later on we discuss equations displaying metastability in the convergence to equilibrium. Finally we study a phase transition driven by noise in a kinetic system by constructing the stable branch of the bifurcation diagram.
Convergence to Steady States
Section 5.4 concerned the convergence to globally stable stationary solutions. Beyond the standard Fokker-Planck setting, the equivalents of (5.6) and (5.9) with more intricate confining potentials may be considered. For instance, a bistable term yields
for D > 0 in the linear diffusion case, which displays a globally stable steady state characterised by maxima at |x| = 1 -see Figure 5 . In the nonlinear setting, the equation reads:
for D > 0, m > 1. The nonlinear diffusion equivalent of (6.1) also has a unique stable steady state, compactly supported and characterised by maxima at |x| = 1 in 2D. In the 1D setting, the steady state is only unique provided the diffusion coefficient D is large [20] . Note that in 2D the stationary solution might not be simply connected -see Figure 6 .
Metastability
We will now study the behaviour of a nonlinear diffusion equation with an attractive interaction kernel:
for D > 0, m > 1, σ > 0. This equation can exhibit a many-step convergence to equilibrium: rather than converging at a fixed rate, the energy decays in an alternating sequence of slow and fast timescales. Whilst the true steady state consists of a simply connected, compactly supported component, intermediate aggregates which depend on the initial data can rapidly form. These aggregates will eventually merge but the rate of convergence can be arbitratily slow if σ is small. Three examples are presented: Figure 7 , where two aggregates are formed before reaching the final equilibrium; Figure 8 , where three and then two aggregates are present before the steady state appears; and Figure 9 , which shows the asymmetric aggregation in 2D. Note the intermediate plateaux on the energy landscapes, each corresponding to one of the many-aggregate states. 
Homogeneous Noisy Kinetic Flocking
For the last example we will discuss a kinetic model for the velocity of self-propelled agents with a noisy tendency to flock:
H(ρ) = σ (ρ log (ρ) − ρ) , V (x) = α |x| for σ ≥ 0, α ≥ 0. For the sake of simplicity we retain the notation x even though the equation concerns velocities. The confinement potential represents the preference of the agents to move with speed one. The interaction kernel models the alignment tendency, and the diffusion component accounts for the noise in the system. This model was studied at length in [57, 4, 31] . Among other things, the authors prove the existence of a phase transition in the system. Low values of σ allow asymmetric initial conditions to flock, resulting on polarised steady states; the equation admits a symmetric steady state which is unstable and only realised for symmetric initial data. Increasing the parameter beyond a critical threshold plunges the system into isotropic symmetry regardless of the initial condition.
The S2 scheme allowed us to solve the steady state problem of 6.4 for a large range of values of σ. The first moment of the steady state ρ ∞ , x = xρ ∞ dx, (6.5) can be studied as a function of the noise strenght σ, revealing whether the system is polarised or not. A sharp transition from the asymmetric polarised steady states to the isotropic setting can be seen on Figure 10 for the 1D case. The center of mass of the initial data was shifted along the positive axis, resulting on the polarisation in that direction. By symmetry there is always another polarised steady state in the opposite direction. The same phenomenon is observed in the 2D setting, see Figure 11 and [4] for the analysis. The initial data was shifted along the positive x axis, resulting on the corresponding polarisation. Note that there is a rotationally symmetric family of polarised steady states. These states resemble a von Mises-Fisher distribution obtained for the Vicsek model (α = ∞), see [39] .
Finally, we discuss the phase transition for the nonlinear diffusion case with and without a linear Figure 12 shows the stationary states without regularisation as well as the bifurcation diagrams for ε = 0 and ε > 0. The case shown, m = 2, leads to compactly supported stationary states with Lipschitz regularity at the boundary of the support, see Figure 12 (a). The regularisation numerically compensates the loss of spatial accuracy of the scheme due to the lack of smoothness of the solution, requiring fewer mesh points to adequately capture the behaviour around the critical point. Numerically we observe that the bifurcation diagram is continuous with respect to the regularisation parameter ε.
(a) Stationary states ρ∞ for H0 (ρ) and varying σ. 
